We show that within the dipole approximation the complex polarizability of shelled particles of arbitrary shape can be written as the volume of the particle times a weighted average of the electric field in the particle, with weights determined by the differences in permittivities between the shells and the external, possibly lossy media. To calculate the electric field we use an adaptive-mesh finite-element method which is very effective in handling the irregular domains, material inhomogeneities, and complex boundary conditions usually found in biophysical applications. After extensive tests with exactly solvable models, we apply the method to four types of hematic cells: platelets, T-lymphocytes, erythrocytes, and stomatocytes. Realistic shapes of erythrocytes and stomatocytes are generated by a parametrization in terms of Jacobi elliptic functions. Our results show, for example, that if the average polarizability is the main concern, a confocal ellipsoid may be used as a model for a normal erythrocyte, but not for a stomatocyte. A comparison with experimental electrorotation data shows quantitatively the effect of an accurate geometry in the derivation of electrical cell parameters from fittings of theoretical models to the experimental data.
I. INTRODUCTION
The general goal of this paper is to give a method for the calculation of the polarizability tensor ␣ of a shelled piecewise homogeneous particle of arbitrary shape in lossy media. In response to an external electric field E 0 the charge distributions of the particle and of the surrounding medium rearrange, in turn modifying the local field and therefore the total ͑far͒ field. This problem can be solved analytically for a spherical particle in a uniform external field, with the result that outside the sphere the total field is the superposition of the applied field E 0 and a dipolar field of dipole moment p = ␣E 0 , where the polarizability ␣ has a simple closed form in terms of the permittivities of the particle and of the medium ͑we consider only linear media͒ ͓1,2͔. For particles of a general shape or when the external field is not uniform the exact response field need not be purely dipolar, but for many purposes higher multipolar fields can be neglected and the reaction of the particle can be approximated by an induced, effective dipole proportional to the external field. We will review later some shapes for which closed-form expressions of the polarizability have been found, but a precise computation of the tensor ␣ for particles of arbitrary shape remains a difficult problem ͓3,4͔, which may require explicit computation of the fields.
In biophysics, the polarizability is an excellent monitor of the synchronization of cell growth in culture ͓5͔, and knowledge of ␣ as a function of the frequency of the external field gives quantitative information on cell morphology ͓6͔. In fact, our specific goal is the accurate determination of the polarizability of realistic models of hematic cells.
There are two main approaches to determine the polarizability of biological cells: from experimental dielectrophoresis ͑DEP͒ and electrorotation ͑ER͒ data and from ab initio calculations. The DEP force on a homogeneous, isotropic, dielectric, spherical cell is proportional to the real part of its effective polarizability, while in the concomitant ER experiments the imaginary part of the polarizability is derived from the rotation velocity of the cell in a rotating external field ͓7͔.
Ab initio formulas in terms of only electric and geometric parameters are known for the polarizability of particles of simple geometries and simple structure. The homogeneous dielectric sphere is a textbook example ͓2͔, and closed-form expressions can be found in the bibliography for spheroids, confocal spheroids, ellipsoids and confocal ellipsoids ͑in terms of nonelementary integrals͒, ellipsoids with certain anisotropic coatings, and pairs of spheres ͓8-14͔. Although there is a general formula for the polarizability of a homogeneous particle of arbitrary shape ͓4͔, a generalization to realistic models of particles with complex geometries and complex structures ͑e.g., several layers of different lossy dielectric media͒ seems rather difficult to implement.
Expressions for the polarizability that involve explicitly surface charge distributions have also been published ͓6,15͔. However, except in simple cases, these expressions are difficult to handle analytically because each unknown surface charge distribution is determined by an unbounded nonsymmetric integral operator. Boundary conditions at the interfaces of multishelled particles lead to even more complex systems of coupled integral equations. The comprehensive approach to DEP and ER proposed by Gimsa ͓16͔ for singleshell spheroids uses a finite-element ansatz and leads to a simplification of the calculation of the Clausius-Mossotti factor, but cannot be applied to small particles with relatively thick or highly conductive shells. Among the techniques to obviate some of these restrictions we mention the pathintegral approach of Mansfield, Douglas, and Garboczi ͓3͔, which in addition to the polarizability gives the capacity and the charge density of the system. For simple particles this path integral method is fast and reliable, and has been widely used. Even more recently Green and Jones ͓17͔ have proposed a method to extract induced multipole moments in a polarized particle by means of an expansion of the potential in spherical harmonics. However, in their application the authors consider only real permittivities and axisymmetric homogeneous particles.
Our approach is, in fact, straightforward and is summarized in Eq. ͑11͒ below: in essence we calculate the effective dipole moment of the cell from the internal electric field distribution, which in turn is determined by an adaptive finite-element numerical method that is able to achieve a uniform precision over very different length scales ͑e.g., typical membrane thicknesses and typical cytoplasm lengths͒. The method does not have have any restriction on the geometry or on the structure of the cell, although the computational effort certainly depends on these characteristics, as well as on the desired precision. We derive and discuss the main equation in Sec. II. In Sec. III we review the simple exactly solvable and the realistic cell models for T-lymphocytes, platelets, erythrocytes, and stomatocytes that we have used in our calculations. In Sec. IV we present our results and compare them with exact and experimental determinations of the polarizability. We discuss our conclusions in Sec. V.
II. EFFECTIVE DIPOLE MOMENT AND POLARIZABILITY
The calculation of the polarizability of a dielectric particle, in particular if the particle and the surrounding medium have losses, involves several subtleties and has been a subject of controversy. In the presence of losses the dipole moment induced in a particle by an external field experiences a phase delay with respect to the field due to the finite time required to establish a surface density of true charge on the interfaces. We define a complex effective dipole as the point dipole which, when immersed in the same dielectric medium as the original particle, produces the same dipolar field in magnitude and phase ͓18͔. In effect, the particle can be replaced by this dipole for the calculation of electromechanical interactions with an external field. It has been shown that to a first-moment approximation this method gives the same results as the cumbersome and not always applicable Maxwell stress tensor method ͓19͔. Therefore we follow the former approach and consider first the case of a homogeneous particle, then the case of shelled particles, and finally we make some remarks on the physical interpretation and use of our equations. Hereafter complex magnitudes will be denoted by a tilde.
A. Homogeneous particles
Let us assume that a periodic electric field Ẽ 0 = E 0 e −it has been established in a homogeneous, isotropic, linear dielectric medium of permittivity ⑀ 1 and conductivity 1 -i.e., of complex permittivity ⑀ 1 = ⑀ 1 − i 1 / -and that a homogeneous particle of complex permittivity ⑀ 2 is placed into the field region while the sources of Ẽ 0 are kept constant.
In the surface S between the two dielectrics there is a surface density of equivalent polarization charges given by
where n is the unit normal to the surface, and because of the different conductivities at each side, there is also a surface density of true charge given by
We define a net complex charge density , which includes both the polarization and true charges due to the two surfaces in contact:
Note that the contributions to the complex surface charge density p from the fields Ẽ 1 and Ẽ 2 are in phase with the fields, whereas the contributions to t are in quadrature.
Since the normal components of the electric displacement and of the current density across the interface must be continuous,
the net complex charge density is given by
which is a generalization of the corresponding expression for the polarization charge density at the interface between two lossless media. Therefore, in terms of fields and forces, we can consider that the polarized dielectric particle is equivalent to this charge distribution placed in vacuum. Since we have assumed that the particle is homogeneous, the potential it creates is fully determined by the surface charge:
͑The difference ⑀ 2 − ⑀ 1 can be taken out of the integral, but we keep it under the integral sign to maintain uniformity with the generalized result derived in the next subsection.͒ Next we apply the Gauss theorem and the absence of freevolume charges ١Ј · Ẽ 2 ͑rЈ͒ = 0 to write the potential as an integral over the volume V of the particle:
Finally, with the standard procedure with source ͑primed͒ coordinates referred to a center r 0 inside the particle, we find that the dipolar part ⌽ 2 ͑r͒ of this potential, which dominates for ͉r͉ ӷ ͉rЈ͉, is
Since the potential created by a dipole p in a medium of permittivity ⑀ 1 is given by
we find that, in our dipolar approximation, the response of the particle is equivalent to that of an effective dipole
and therefore to an effective polarizability tensor, which can be calculated from
B. Shelled particles
We will show now that in the case of shelled particles Eq. ͑11͒ continues to be valid with the understanding that the permittivity ⑀ 2 and conductivity 2 in ⑀ 2 may have different constant values in the different homogeneous regions of the particle. For this purpose, consider a particle with an outer ͑o͒ shell bounded by the outer surface S o and by the inner surface S i , which in turn bounds the inner core ͑i͒. Applying twice the reasoning that led to Eq. ͑5͒ we find that there are the charge densities
at the outer and inner surfaces, respectively, and a total complex potential which is the sum of two terms of the type given by Eq. ͑6͒:
͑14͒
Next we apply the Gauss theorem to the first surface integral, which yields a volume integral over V o minus a surface term over S i . Note, however, that the outward normal at S i from V o is minus the outward normal from V i . Therefore we have
͑15͒
The continuity of the normal components of the electric displacement and of the current density across the surface S i ,
allows us to replace Ẽ o · n i in the first surface integral by ͑⑀ i / ⑀ o ͒Ẽ i · n i and group both surface integrals:
͑17͒
Finally, we apply the Gauss theorem to the last surface integral to arrive at
Each of these two integrals has the same form as Eq. ͑7͒, and therefore the respective contributions to the polarizability can be calculated by the same method, which gives
͑19͒
This equation, as we anticipated, can be rewritten as Eq. ͑11͒ with the understanding that in the outer region V o the permittivity of the particle ⑀ 2 = ⑀ o and the field Ẽ 2 ͑rЈ͒ = Ẽ o ͑rЈ͒, while in the inner region V i the permittivity of the particle ⑀ 2 = ⑀ i and the field Ẽ 2 ͑rЈ͒ = Ẽ i ͑rЈ͒. Hereafter we follow this convention and will refer always to Eq. ͑11͒. The generalization of this result to multiple shells is straightforward.
C. General remarks
We would like to stress a few points regarding the derivation and practical use of Eq. ͑11͒. For a homogeneous particle Eq. ͑11͒ can be written as
where V is the volume of the particle and ͗E 2 ͘ is the average field in the particle. First note that both factors ⑀ 0 ͑⑀ 2 − ⑀ 1 ͒ / ⑀ 1 and Re͑⑀ 1 ͒ / ⑀ 0 must be included in the definition of p eff . The first factor can be physically understood from the analogy of a body immersed in a fluid under a gravitational field: to calculate the net force we must subtract a buoyancy term which is equivalent to the negative term on the right-hand side of the expression for the surface charge, Eq. ͑5͒. The second factor is a consequence of the fact that the equivalent charges and dipole are considered to be in vacuum, and therefore the external field has to be multiplied by the relative inductive factor between vacuum and medium. If both media are loss free, the effective dipole is real and given by
and the force can be obtained as minus the gradient of the energy U of the particle in the field ͓2͔, where
However, in lossy media p eff is complex, Eq. ͑10͒ must be used, and the force produced by the field on the dielectric particle is
As to the use of Eq. ͑11͒, the procedure is as follows: we apply the external field Ẽ 0 , calculate numerically the field Ẽ 2 as described in Sec. IV, perform the integration in Eq. ͑11͒, and thus obtain three components of the effective polarizability tensor. With three orientations of the external field we can determine the full tensor. The numerical calculations in Sec. IV will give the field both inside and in a certain region outside the particle. As we stated in the Introduction, in principle the polarizability could be extracted from a multipole expansion of the field ͑or of the potential͒ outside the particle. But for complex permittivities and realistic cell shapes other than spherical, this multipole expansion is not a straightforward process and requires both a careful determination of the radius of the spherical surface on which the field is to be integrated and an interpolation of the field at each point of the surface in terms of the fields at neighboring nodes. A convenient radius becomes especially difficult to determine when the particle is immersed in an external lossy medium and when the electric field is highly nonuniform ͓17͔. Conversely, we remark that the integration in Eq. ͑11͒ is performed only over the volume V of the particle, where the field is very accurately determined by a finite-element method with a highly refined and adapted mesh. This accurate field in turn permits the calculation of several magnitudes of biophysical interest such as the induced transmembrane potential or the Maxwell stress tensor.
III. CELL MODELS
We will focus on the polarizability of four characteristic types of hematic cells: platelets, T-lymphocytes, erythrocytes, and type-II stomatocytes. The first three cells will be studied in their normal state, whereas the type-II stomatocyte is in fact a severely altered state of an erythrocyte whose complex geometry provides a good testing ground for our approach.
There is a specific feature pertaining to the polarizability of biological cells: the cell and surrounding medium electrical properties make the membrane a locus of high-field amplification, whereas typical membrane thicknesses are much smaller than typical cytoplasmic lengths. This scale problem poses a challenge to standard numerical methods. Therefore, before embarking in more realistic calculations, we have checked our method by comparing its results with simpler exactly solvable models. We discuss in separate subsections the exactly solvable and the more realistic models that we have used. With the exception of the experimental results quoted in Sec. IV C, we assume that the ͑solvable or realistic͒ cell models are immersed in an external continuous medium formed by an electrolyte with the dielectric properties of physiological saline; i.e., we take ⑀ 1 = ⑀ r ⑀ 0 − i / with a relative permittivity ⑀ r = 80 and a conductivity = 0.12 S / m. Note also that the derivation of Eq. ͑19͒ neglects any ion diffusion effects. This assumption will be justified if the thickness of the diffusion layer ͑the Debye screening length D ͒ is smaller than the smallest characteristic length in the structure ͑the thickness of the membrane ␦͒. At the physiological conditions considered in this work and with a diffusion coefficient D =10 −9 m 2 s −1 ͓20͔, the ratio is D / ␦ = 0.48. Due to this small value of the Debye length, the electric double layer is locally nearly planar and fits closely the erythrocyte shape. Although the potential is strongly screened, the internal field distribution should correspond essentially to the solution of the Laplace equation which we use in our calculations. The comparison with experimental results in Sec. IV C supports the validity of this assumption. Finally we also assume that the cell shape is not modified and does not suffer instabilities in the presence of the external field, and therefore we do not apply the Debye-Hückel theory, which may be needed in the presence of strong electrolytes where these effects are more prone to occur ͓21,22͔.
A. Exactly solvable models
We have considered three exactly solvable models: a homogeneous sphere, a homogeneous ellipsoid, and a shelled confocal ellipsoid ͓11͔, with the required modifications for lossy media explained in the previous section after the derivation of Eq. ͑11͒. Incidentally, the permittivity of the medium is factored out in the definition of polarizability used in Ref. ͓11͔; our Eqs. ͑24͒, ͑25͒, and ͑28͒ below include both the correction for lossy media and this factor, so that these equations are consistent with the more standard convention that we use in this paper. The dimensions and electrical parameters of these models have been chosen to match to the extent possible regions of hematic cells.
The polarizability of a homogeneous sphere of radius a is
where V =4a 3 / 3 is the volume of the particle. In our calculations we have taken a =3 m and ⑀ 2 = ⑀ r ⑀ 0 − i / , with ⑀ r = 50 and = 0.53 S / m, which correspond to a typical sphere of cytoplasm.
The polarizability of a homogeneous ellipsoid of semiaxes a, b, and c in a field parallel to the c axis is
where V =4abc / 3 is the volume of the particle and
with analogous expressions for the other two axes.
and we recover the expression for the sphere.͒ In our calculations we have taken a = b = 1.2 m, c = 0.38 m, ⑀ r = 57, and = 0.5 S / m, which are typical parameters of the cytoplasm of a platelet. Inner ͑i͒ and outer ͑o͒ confocal ellipsoids can be described by
where
The polarizability in a field parallel to the c k axes is
where 
B. Realistic models
T-lymphocytes have spherical shape, a thin membrane, and a spherical nucleus which fills about 60% of the total volume. Our model for this type of cell will be a spherical core of radius 3 m and relatively high conductivity covered by a thin spherical shell of thickness 5 nm and five orders of magnitude less conductive than the inner region ͓23,24͔.
Platelets have a distinct inner structure with several vesicles ͓25͔ and therefore would be expected to have a more complex dispersion relation. Several geometries have been proposed to study the dielectric properties of the particlee.g., a spherical single-shell model ͓26͔, a cubically structured model ͓27͔, and rectangular parallelepipeds ͓28͔. We have chosen a model comprised by an inner homogeneous ellipsoid for the cytoplasm with semiaxes a = b = 1.2 m, c = 0.38 m, and a membrane with a constant thickness of 7 nm. ͑Confocal ellipsoids bound an unrealistic nonuniform membrane.͒ A normal human erythrocyte under physiological conditions assumes a biconcave shape ͑discocyte͒ of approximately 7.8 m in diameter, with a membrane whose thickness is of the order of 8 nm ͓29͔. However, it has also been known for more than 50 years ͓30͔ that a variety of agents can modify this discoid shape systematically and reversibly. One set of agents, including cationic amphipaths, low salt, low pH, and cholesterol depletion, induces altered shapes called stomatocytes ͓31,32͔. Instead of having the rounded central pallor of a normal red cell, a stomatocyte has a centrally located linear slit or stoma ͑"fish mouth"͒. The cell maintains the same volume of the original erythrocyte, and the shape alteration has been described by the fluctuations of a single, polymerized membrane ͓33͔. This cell attracts great interest as it is part of the stomatocyte-discocyte-echinocyte sequence of the human red blood cell ͓34,35͔. In previous works ͓36,37͔ we have analyzed the role played by the geometry of erythrocytes in their response to electromagnetic fields, and in Ref. ͓38͔ we have proposed a slight generalization of the parametrization that Kuchel and Fackerell ͓39͔ gave for normal erythrocytes. Our generalization, which can describe continuous deformations from the normal shape to altered shapes like stomatocytes, can be written as
where sn͑u ͉ m͒, cn͑u ͉ m͒, and dn͑u ͉ m͒ are Jacobi elliptic functions ͓40͔, U = K͑m͒ is the corresponding elliptic integral, u ͓0,U͔, ͓0,2͔, ᐉ is the diameter of the cell, h is the semiheight at the center, and m and p can be used to control the gross features of the shape. Using different values of h, m, and p for the upper ͑+h͒ and lower ͑−h͒ parts of the cell we can generate asymmetric cells like the stomatocyte. With this explicit parametrization we calculate the outer surface r ␦ ͑u , ͒ of the uniform membrane by shifting the surface r͑u , ͒ a constant distance ␦ along the outer normal at each point-that is,
We refer to Fig. 1 and Table I for the numerical values that we have used and to Ref. ͓38͔ for further details.
IV. RESULTS
The field Ẽ 2 within a realistic cell can only be obtained with the help of numerical methods. In this work we have used the adaptive-mesh finite-element software ANSOFT ͓41͔, which is very effective in handling the irregular domains, material inhomogeneities, and complex boundary conditions usually found in electromagnetism ͓42,43͔ and in biomedical problems ͓44-46͔, as well as the nonuniform meshing required by the cytoplasm and the membrane ͓47͔. Although this last difficulty can be overcome with hybrid numerical techniques that couple the finite-element method with the boundary element method ͓48,49͔, the adaptive approach can be readily applied also to any number of neighboring particles within an arbitrarily shaped radiation region.
In our calculations the cell is centered in a cube ͑the radiation region͒ large enough to ensure the homogeneity of the external field and to achieve a good compromise between accuracy and computing resources. This region is filled with the external medium described in Sec. III. We implement perfectly matched layers as "absorbing boundary conditions" that mimic continued radiation in free space, so that any incident energy not absorbed by the cell is not reflected back into the model. As a technical improvement, we insert additional vertices by means of two virtual regions ͑objects within the radiation region with the same material assignment as the external medium͒ that surround the cell and contribute to the generation of a clean mesh. An impinging external field of magnitude E 0 =1 V/ m is generated by applying a drop voltage of variable frequency and constant magnitude over two opposite faces of the cube that limits the radiation region.
We have found that to reach a uniformly accurate result for the electric field, the final mesh required around 50 000 and 7500 tetrahedra per cubic micron of membrane and cytoplasm, respectively. A typical computing time for the most complex model-a stomatocyte-in a 3.4-GHz microprocessor is of the order of 800 min.
A. Exactly solvable models
Two factors determine the precision that can be achieved with this method for a particle of generic shape: the dipole approximation, which is intrinsic to the method, and the accuracy in the numerical calculation of the field. To be precise, the calculation of the field is an iterative process which stops when the difference between the integral of the modulus squared of the field in two consecutive iterations is less than a convergence criterion ⌬ ͓41͔. Figure 2͑a͒ shows the exact and numerical values of the real and imaginary parts of the ͑scalar͒ polarizability of the homogeneous sphere described in Sec. III A as a function of the frequency in the range from 10 kHz to 3 GHz. Figure 2͑b͒ shows the same magnitudes for the homogeneous revolution ellipsoid along the two principal axes y and z. Finally, Fig. 3 shows the complex polarizability of the confocal ellipsoid test cell again along the two different principal axes. In these calculations we have set typically ⌬ =10 −9 and we have obtained errors in the real and imaginary parts of the polarizability less than 1.5%. A smaller value of ⌬ increases the precision of the polarizability at the cost of an increased computing time which depends on the necessary refinements of the mesh.
B. Realistic models
The simple spherical geometry of the T-lymphocyte, a coated sphere, is the particular case a = b = c of a coated confocal ellipsoid, and therefore we can also find the exact values of the polarizability with Eq. ͑28͒. Figure 4 shows a comparison of this analytical solution with our numerical values.
As the membrane of the platelet has a uniform thickness, there is no analytical solution for the polarizability that could be used for comparison. However, we have taken advantage of the revolution symmetry of the platelet around the z axis and implemented the boundary-element method ͓19͔ to obtain the polarizability along this axis. Figure 5͑a͒ shows a comparison of the boundary-element polarizability with the method proposed in this work. Figure 5͑b͒ shows the results for the polarizability along the long axis of the platelet. The very small values are due to the reduced volume of the platelet compared with the other cells of this study.
In theoretical studies of erythrocytes it is a common practice ͓50-52͔ to use confocal ellipsoids as a substitute for a realistic erythrocyte shape, thus avoiding the geometrical complexity of the real cell. We have calculated the polarizability of an erythrocyte using the realistic cell shape generated by Eq. ͑29͒ and compared the values with exact results for a confocal ellipsoid when the external field is applied along the principal axes. Since the confocal structure does not enclose a membrane of constant thickness, we have taken as a criterion for comparison that both cells have the same membrane volume. Figure 6͑a͒ shows that both models give not too different polarizabilities along the z axis. Note that in this configuration the internal field distribution is very similar in both cells due to the continuity of the normal component of the displacement field through the membrane interface, where the field is amplified and therefore higher. More noticeable differences are observed in Fig. 6͑b͒ corresponding to a polarization along the y axis. In this case the requirement of continuity of the tangential component of the field through the membrane surface of the biconcave shape leads to very different field distributions.
FIG. 2. ͑Color online͒ Comparison between the exact ͑solid lines͒ and our numerical results for the complex polarizability of ͑a͒ a lossy homogeneous sphere and ͑b͒ a lossy homogeneous ellipsoid, as a function of the frequency f of the applied external field. The exact results are given by Eqs. ͑24͒ and ͑25͒, respectively. The squares mark the real parts of the polarizability, while the triangles mark the imaginary parts. Open markers in ͑b͒ correspond to ␣ y and closed markers to ␣ z .
(b) (a) FIG. 3 . ͑Color online͒ Comparison between the exact ͑solid lines͒ and our numerical results for the complex polarizability of a lossy confocal ellipsoid along ͑a͒ the minor z axis and ͑b͒ the major y axis, as a function of the frequency f of the applied external field. The exact results are given by Eq. ͑28͒. The squares mark the real parts of the polarizability, while the triangles mark the imaginary parts. The frequencies f 1 and f 2 correspond to the positive maximum and negative minimum of Im͑␣ ͒, respectively, whereas f c1 and f c2 are the crossover frequencies of Re͑␣ ͒. It is a well-known fact in dielectrophoresis that the crossover frequency f cER of the ER spectrum is equal to the frequency f DEPmax of maximum DEP force.
As our last example, we have calculated the polarizability of the type-II stomatocyte described in Sec. III B. In Fig. 7 we compare the polarizability of this cell with the polarizability of the corresponding normal erythrocyte. Again, similar values are found when the external field is aligned with the z axis. However, when the external field is aligned with the y axis the deeper central pallor of the stomatocyte enforces a very different membrane field distribution, especially in the upper half of the membrane. The smaller curvature of the lower half of the membrane produces similar field distributions. It is clear from the results shown in Figs. 6 and 7 that a stomatocyte can not be approximated by an erythrocyte or by a confocal ellipsoid.
For completeness we mention some well-known common features specific to the shelled models ͑Figs. 3-7͒ as opposed to the homogeneous particles illustrated in Fig. 2 : the imaginary part of the polarizability shows a positive maximum and a negative minimum centered at frequencies f 1 and f 2 , respectively; these two frequencies are close to the crossover frequencies f c1 and f c2 of the real part, and the crossover frequency of the ER spectrum f cER coincides with the frequency f DEPmax of the maximum DEP force ͓53͔. As an illustration, we have marked these frequencies in Fig. 3 .
C. Comparison with experimental results
So far, our examples have taken as input the geometric and electric data of the cell, and have given as output the polarizability. The experimental procedure is usually the opposite: relevant cellular parameters like permittivities, conductivities, and area-specific capacitances are obtained from fittings of a theoretical model to experimental ER spectra. We will discuss the experimental results of Becker et al. ͓54͔ , which were obtained with normal erythrocytes immersed in isotonic sucrose of permittivity ⑀ 1 =80⑀ 0 F / m and conductivity 1 = 0.056 S / m. In Ref. ͓54͔ the authors fit a shelled spherical model to their experimental results and obtain precisely the same cytoplasm conductivity and permittivity parameters that we have used in our calculations. They also state that membrane conductance values derived from their analysis were so small that they did not contribute significantly to the measured ER and DEP responses and could not be determined accurately ͑cf. also Ref. ͓55͔͒. Figure 8 shows the experimental points for the imaginary part of the polarizability read off Fig. 2 of Ref. ͓54͔, a theoretical curve with the isotonic sucrose medium, and a theoretical curve with our physiological saline ͑higher conductivity͒ medium. These two curves provide an additional test of our method, because they reproduce the experimentally wellknown effect ͓53͔ that f 1 and f c1 shift toward lower frequencies when the conductivity of the external medium 1 decreases, while f 2 and f c2 are much less sensitive to variations in 1 .
Our calculated polarizability values with the sucrose permittivity follow the same pattern as the experimental results, but although we use a highly resistive membrane, there is a significative difference between the experimental points and the leftmost theoretical curve. We recall, however, that the electrical parameters that we have used for the cytoplasm were calculated by the authors of Ref. ͓54͔ by fitting the results of a single-shell spherical model to the experimental data. Therefore this difference is in fact a quantitative measure of the effect of using a realistic erythrocyte shape in the determination of the electric parameters of the cell.
We finally discuss the relative contribution of each term in Eq. ͑19͒ to the polarizability. Note that the high conductivity of the cytoplasm ͑cf. Table I͒ within this region. Our calculations show that although the volume of the cytoplasm is typically two orders of magnitude larger than the volume of the membrane, the contribution of the membrane to the polarizability is typically one order of magnitude larger than the contribution of the cytoplasm.
V. CONCLUSIONS
Our first result in this paper is a method ͓Eq. ͑11͔͒ for the calculation of the complex polarizability of shelled particles of arbitrary shapes in lossy media within the dipole approximation. In the case of a homogeneous particle the induced effective dipole moment can be understood as the product of two medium-dependent factors times the volume of the particle times the average electric field in the particle. In the case of shelled particles, the expression has the form of a weighted average with weights determined by the differences in permittivities between the shells and the external medium. In any event, the calculation of the polarizability is reduced to the calculation of the electric field in the particle, which for all but the simplest shapes can only be obtained with the help of numerical methods. We have used an adaptive mesh finite-element method which is very effective in handling the irregular domains, material inhomogeneities, and complex boundary conditions usually found in biophysical applications.
After extensive testing with exactly solvable problems, we have applied our method to the calculation of complex polarizabilities of four types of hematic cells: T-lymphocytes, platelets, erythrocytes, and type-II stomatocytes. The first two types can be modeled by a spherical and an ellipsoidal core, respectively, to which we add a uniform thickness membrane. Erythrocytes and stomatocytes have more complex shapes, and we use a set of parametric equations in terms of Jacobi elliptic functions which allow for continuous deformations of the normal erythrocyte into its deformed shape. Again, the use of parametric equations make it a simple matter to add a uniform-thickness membrane. We remark that these shelled models with two interfaces are the simplest structures required to reproduce the maximum and minimum in the imaginary part of the polarizability.
Qualitative aspects of our results can be understood by the continuity at the membrane interfaces ͑a locus of high-field amplification͒ of the normal component of the displacement and of the tangential component of the electric field. For instance, the polarizabilities of a realistic erythrocyte and of an equivalent ͑equal diameters and volumes of dielectrics͒ confocal ellipsoid are very similar along the minor axis, but noticeably different along the major axis. Therefore if the average polarizability is the main concern, a real erythrocyte can be modeled by a confocal ellipsoid. However, if cell magnitudes such as the membrane field or the transmembrane voltage are to be determined, even the shelled ellipsoid is not a sufficiently good approximation to the real erythrocyte. Similar but more marked differences are found for stomatocytes.
The quantitative effect of a realistic erythrocyte geometry is clearly demonstrated by our comparison of experimental results with numerical calculations performed with electrical parameters obtained from a fitting of the predictions of a shelled sphere model to the very same experimental results. Our calculations also reproduce accurately well-known effects of the conductivity of the external medium on the cell polarizability.
Although our initial motivation to develop this method came from the need to calculate the polarizability of cells which had not been previously addressed because of the limitations of analytical approaches and of the difficulties of accurate numerical computations, our approach is valid for shelled particles of arbitrary shape, is not bound to the finiteelement method that we found convenient for our concrete purposes, and can be used successfully, for example, in polarizability calculations for nanoparticles and biomolecules. FIG. 8 . ͑Color online͒ Normalized experimental values ͑dots͒ of Becker et al. ͓54͔ for the imaginary part of the polarizability of a normal erythrocyte in an external isotonic sucrose medium of conductivity 1 = 0.056 S / m and numerical results for the same medium ͑solid line͒ and for the physiological saline external medium of 1 = 0.12 S / m ͑dashed line͒, as a function of the frequency f of an external field applied along the y axis. This change in conductivity induces a shift ⌬f 1 in the maximum and a smaller shift ⌬f 2 in the minimum of the curve.
